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Section A. (5 points each)

Correct Answers:

1 678 3 E‘Tﬁ 3. 7161, 9361, 9812 | 4. 4 cm?
5 1458 6. 672 7. 4757 8. 6cm
9. 160 10. 536 3 12. 196

1. Determine the maximum value of the difference a positive integers whose
sum is 2034 and whose product is a multiple of 2034
[ Solution])

Let the two numbers beandy. Fromy = 2034 —x, we havexy = 2034x — x°. If this
is divisible by 2034, ther? is divisible by 2034. Now 2034 = 2x32x113. Hence
2%x3x113 = 678 must divide so that 678< x< 203« It follows that the only
possible values forare 678 and 2 x 678 = 1356. The corresponding sdarg are
1356 and 678 respectively. Hence y = 678 and its maximum value ¢35 8.

ANS : 678

2. The diagram below shows a semicircle sitting ondba square and tangent to
two sides of an equilateral triangle whose basecides with that of the square.
If the length of each side of the equilateral tgi@ns 12 cm, what is the radius
of the semicircle, in cm?

[ Solution)

Let the triangle b&BC and letO be the centre of the

semicircle. Let be the radius of the semicircle. With the

sides of the triangle as bases, the heights ofgiesOAB,

OAC andOBC arer, r and 2 respectively. Their total area is

equal to the area of trianghBC. Since the height of triangle

ABCis 12 x? we havedr = 6y/3 andr = E"TE



3. Afour-digit number abcd is a multiple of 11, withp + ¢ = a and the two-digit
number bc a square number. Find the numbeiscd .
[ Solution])
Since the two-digit numbebc is a square number, artg+ ¢ = a < 10, we have
bc = 16,25,36,81. Since abcd is a multiple of 11, by trying possible digit we
have abcd = 7161,9361,9812
ANS : 7161, 9361, 9812

4. The area of the equilateral trian@{BC is
8+ 4/3cn?. M is the midpoint oBC. The bisector

of ZMAB intersect8M at a pointN. What is the
area of triangléBN, in cnf?

A

[ Solution)
We have M _ AM =\/§. Hence BM _ 2+43 and
BN AB 2 BN 2 C
BC =2++/3. Denote the area of the triangdidy [T].
Then PABCL ZBC _» 13 1t ollows that [ABN] =LABCl 843 o
[ABN] BN 2+J3 2+43
ANS : 4 cm®

5. Thereis a 2x6 hole on a wall. It is to be filledusing 1x1 tiles which may be
red, white or blue. No two tiles of the same colmay share a common side.
Determine the number of all possible ways of fgliine hole.

[ Solution)

The top left space can be filled in 3 ways andaibiom left space can be filled in 2

ways, so that the first column from the left carfibed in 3x2=6 ways. In moving

from column to column, we must retain at least ooleur used in the preceding
column. If we retain both colours, the only waysaseverse the positions of the two

tiles. If we retain just one colour, the tile withe repeated colour must be placed in a

non-adjacent position, and the remaining spaa#lad fwith a tile of the third colour.

Hence there are 3 ways to fill each subsequentwulit follows that the total

number of ways is 6xX3:1458.

ANS : 1458
6. LetN=1"x2x3x £x 5x 6'x Px &x ¢ How many perfect squares divide
N ?
[ Solution])

The prime factorization dfl is 2°°x 3°x 5°x 7°, Its largest square factor is
2*°x 3% x 5% 7%, Its square factors are the squares of the faofo®° x 3°x 5°x 7',
Their number is (15+1)(6+1)(2+1)(1+1)=672.
ANS : 672
7. How many positive integers not greater than 20122k only the digits 0, 1
or 27?



[ Solution)

The first few numbers are 1, 2, 10, 11, 12, 20221100, 101 and so on. These are
just numbers in base 3. The base 3 number 201141 Be coverted to base 10 as
follows.

2 0 1 1 2 0 1 2

+ 6 + 18 + 57 + 174 + 528 + 1584 + 4755

6 19 58 176 528 1585 = 4757
x[3 x| 3 x 3 x| 3 x| 3 x 3 x 3
6 18 57 174 528 1584 4755

Including the number 20112012 itself, there are/4Fdsitive integers which use
only the digits 0, 1 and 2.
ANS : 4757
8. The diagram below shows four poi#sB, C andD on a circleE is a point on
the extension oBA andAD is the bisector ofZ CAE. F is the point orAC such
thatDF is perpendicular té&C. If BA = AF = 2 cm, determine the length AC,

in cm.
[ Solution]) D E
Let G be the point oC such thaFG = AF = 2 cm.
ThenGD = AD and Z/DAG =~/DGA. SineABCD is a \
cyclic quadrilateral ~DCG =~/DBA. Moreover, A
/DGC =18(° -/ DGA )
=180° -/ DAG

=180° -~/ DAE =/ DAB. A ‘ B
It follows that triangle9GC andDAB are congruent, so

thatGC=BA=2cm. HencAC=AD + DG+ GC + 2 +2+2 = 6 cm.
ANS : 6 cm
9. There are 256 different four-digit numbeabcd where each od, b, ¢ andd is
1, 2, 3 or 4. For how many of these numbers adh- bc be even?
[ Solution)
Note thatad — bc is even ifad andbc are either both odd or both even. The former
occurs when all four numbers are odd. The numbéhisfcase i2* = 16. The latter
occurs whera andd are not both odd, aralandc are not both odd. The number of
this case is(16 — 22)? = 144. Hence there ard 6 + 144 = 160 possible numbers.
ANS : 160
10. In a plane, given 24 evenly spaced points on decihow many equilateral

triangles have at least two vertices among thengpants?
[ Solution)

There are 24% 23

=276 pairs of given points. For each pair, we can have

equilateral triangle on each side of the line jognthem. However, some of these
2x276 = 552 triangles have been counted 3 timeguse all three vertices are



among the given points. There are 24 + 3 = 8 suahgles. Hence the final count is
552 - 2 x 8 =536.
ANS : 536
11. The diagram below shows a circular se@#&B which is one-sixth of a circle,
and a circle which is tangent @A, OB and the aré@B. What fraction of the
area of the circular sect@AB is the area of this circle?
[ Solution]
Let C be the centre of the circle and let the extensic® A
cut arcAB at a pointP. LetD be the point 0i©B such that
CD is perpendicular t®B. LetCD =r. ThenOC = 2r and
CP =r, so thalOP = 3r. Hence the area of the sector is

%H(Sr )? =§m2 while the area of the circle isr?. The

desired fraction is%.

ANS :

12. An 8 x 8 chessboard is hung up on the wall asgetaand three identical darts
are thrown in its direction. In how many differevdys can each dart hit a
different square such that any two of these thge@i®s share at least one
common vertex?

[ Solution])

There are 7 pairs of adjacent rows and 7 pairsljaicant columns, so that the

number of 2 x 2 subboards is 7 x 7 = 49. The tHeats must all hit a different

square of some 2 x 2 subboard, and the squarertissycan be any of the 4 squares

in the subboard. Hence the total number of wayisxs19 = 196.

ANS : 196
Section B. (20 points each)

1. What is the integral part o, if

M=\/2012X\/2013<\/ 2014\/---\/ (20f2- 8)\/ (2012 >2)/ (202 le 201

[ Solution)
The required answer is 2012.

By using the inequality\/(N -1)(N +1) <N, we arrived that
J(2012 - 1xy/ 2012 </ (202>- D202 & 202

It follows that

\/(2012?—2)x\/(2012— ¥y 2012<y (20f2 ) (201x) 2012,




\/(2012?—3)x\/(2012— 2%/ (2002~ ¥V 20ix, (2022 =3) (20%2

<2017 -2
Repeating the same process, we conclude

M=\/2012><\/2013<\/ 2014\/---\/ (20£2 2)\/ (2012 =y 201

<4/2012x 2014
<2013

This implies the integral part & is less than 2013.
And Conversely,

V2012 > 201;
J(2012 - 1xy/ 2012 >/ 2012 2012 20

\/(2012’-— o) (2012- 1xy 202> 2022 2012 2(
\/(2012—3><\/(2012— 2%\ (202> ¥V 20f2>y 2022 2012 2

Continuing the same process, we have

\/2012><\/2013<\/ 2014\/---\/ (20%2 2)\/ (2012 Xy 201

M =
>./2012%x 2012
=2012
In summary, the integral part bfis 2012.
ANS : 2012
[ Marking Scheme)
L Showing
MiS At 1eaSt 2012........uuiiiiiiieei e 5.points
L Showing
Mis less than 2013 ... 13.points
L PP Correct
= 15311 P 2 points

2. Letmandn be positive integers such that

n’> <8m<n?+604/n+1-/n)

Determine the maximum possible valuenof
[ Solution])
When divided by 8’ leaves a remainder no greater than 4.

Hence if 60(/n+ 1—\/ﬁ)< 4, then there will not be a multiple of 8 betwegand
n?+60/n+1-+/n). It follows that we must hav&0&/n + 1-+/n)= 4.



Hence 152;=\/n+1+\/ﬁ> 2\/5, so that n< 56.

Jn+1-+/n
Whenn = 55 or 56, 60(/n+ 1-+/n )< 5, and the remainder when’&r 56 is

divided by 8 is no greater than 1 Hence the deésmeltiple of 8 cannot exist either.

Forn =54, 60(/55-/54) J_5 30 -/ since 30 x 30 = 908 880 = 4

ﬂ J55
x 4 x 55. Now 5%= 2916 so that 54+60(/55-+/ 54> 2920. Since 2920 +8 = 365,
we can taken = 365. It follows that the maximum value mfve seek is 54.

ANS : 54
[ Marking Scheme]
L Show that
BOGNF L=3N)2 e 11 points
TP Solve the
1 ]=To [0 F= 1Y 7 points
PP UPRUPRUPRPPRIN Correct
=1 15311 PP 2 points

3. Let ABC be a triangle withDJA=90° and OB =20". LetE andF be points on
AC andAB respectively such thatJABE =10° and LACF =30°. Determine
OCFE.

[ Solution])

Note thatFC = 2AF. Let D be the midpoint

of BC and letG be the point o\B such

thatGD is perpendicular t8C. Then
trianglesABC andDBG are similar, so that

BD BA B
5G_ BC . By symmetry,
2 GCB=2«2GBC=20°, so thatZ GCF=20° also. Henc&G bisects« BCF so that
F—C—B—C SinceBE bisects2 ABC, %—E Now
FG BG BC CE
1 FC 1 BC
AF _2 _ 2 _BD _BA _AE

FG FG BG BG BC EC’
It follows thatCG is parallel toEF, so that< CFE =~ GCF =20°.

ANS : 20°
[ Marking Scheme])
L Draw the
correct auxilary lINECG .......oooee e 3 points
L PP List
equations of ratios of IeNGtNS...........coiceeeemei e, 6ims
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